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Abstract
This note presents a geometric derivation of square root approximation developed

from first principles using graph paper reasoning. The central claim is that the residue
produced during approximation is not merely a bounding artifact but carries direct
geometric information about area mismatch. Translating that information into numer-
ical refinement requires an explicit iterative method, which is derived here from the
geometry itself.

1 The Geometric Constraint

Definition 1. For n ∈ Z+,
√
n is the side length s such that a square with equal length and

width s has area exactly n. That is, s2 = n.

Observation 1. The square root does not ask for two different numbers whose product is n.
It asks for one number multiplied by itself. A rectangle with sides a× b where a ̸= b satisfies
ab = n but does not satisfy the constraint. Only the equal-sided case qualifies.

2 Rectangle Factorization as Entry Point

For any n that is not a perfect square, we begin by finding the rectangle that represents the
area honestly.

Take n = 10. The natural factorization is 5 × 2. This rectangle has area 10 but is not
a square. The square root is asking: what side length s produces the square version of this
same area?

5

2 area = 10

Figure 1: The 5× 2 rectangle: area is 10, but sides are unequal. Not a square.

Since 3× 3 = 9 < 10 and 4× 4 = 16 > 10, we have:

3 <
√
10 < 4

The perfect squares 9 and 16 bracket 10, establishing that no integer solves s2 = 10.
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3 Step Reduction Toward the Square

The candidate side length s0 = 3 is not arbitrary. It is reached by a step reduction on the
long side of the 5× 2 rectangle, alternating from top and bottom.

First, why not 2× 2 = 4? That square has area 4, which does not account for enough of
the target area of 10. It is too small and the wrong candidate.

Instead: remove the top strip from 5 × 2 to get 4 × 2, then remove the bottom strip to
get 3 × 2. Each step removes one unit from the long side, closing the gap between length
and width.

5

2

start

4

2

remove top

strip off

3

2

remove bottom

strip off

3

3

target square

s0

x

x

Figure 2: Step reduction: 5 × 2 → 4 × 2 → 3 × 2, then the square candidate 3 × 3 with
residue strips marked x.

The result 3×2 is not yet a square — the sides are still unequal. But 3 is now the candidate
side length. The 2× 2 case is rejected because it undershoots the area too severely; the step
reduction from 5 toward 2 stops at 3 because that is where the long side first comes within
one step of the short side.

4 Geometric Mean as Confirmation

The step reduction arrives at s0 = 3. The geometric mean of the original factors indepen-
dently confirms this:

1.5× 2 = 3

where 1.5 = 5
2
· 1√

5/2
... but more directly: 1.5 is the midpoint collapse of the long side

toward the short side. Halving the ratio 5
2
and multiplying back by 2 gives 3.

These are two paths to the same value: the step reduction and the geometric mean
collapse. That they agree is not coincidence — both are asking the same question by different
methods: what is the most equal-sided version of this rectangle we can reach in one move?

Remark 1. The geometric mean of a and b is
√
ab. For a = 5, b = 2:

√
10. This is circular

as an exact answer but productive as a direction — it tells us the sides must collapse toward
each other, and 3 is the nearest integer approximation of that collapse.
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5 The Residue as Direct Geometric Information

At s0 = 3:
s20 = 9 ̸= 10

The residue is:
r0 = n− s20 = 10− 9 = 1

3

3 s20 = 9 residue

residue

r

Figure 3: The 3 × 3 square has area 9. The residue strips (shaded) represent the missing
area r0 = 1 that must be distributed to reach area 10.

Claim 1. The residue rk = n− s2k is direct geometric information about area mismatch. It
is not merely a bound. It tells us the area that the current square fails to cover (positive
residue: underfill) or exceeds (negative residue: overfill).

Remark 2. The sign of the residue is directional. rk > 0 means the current square is
deficient — the side must grow. rk < 0 means the current square is excessive — the side
must shrink. The residue is informative geometry, not self-completing arithmetic.

The residue tells us the kind of wrong the current approximation is. It does not, by itself,
produce the next decimal digit. That requires an explicit method.

Remark 3 (Closed Decimal vs. Active Residue). The residue described here should not be
confused with any ordinary finite difference or decimal error. These are structurally distinct
objects.

A closed decimal approximation — such as 2.45 as an approximation of
√
6 —

is a completed numerical object. It can be manipulated, recombined, and reused without
ambiguity. Its difference from the true value (2.452 = 6.0025, error = 0.0025) is a finite,
settled quantity. It is not asking to be continued.

An active residue is a different kind of thing. It is an unresolved leftover that still
participates in the problem. It carries directive force — it shows not only that the current
approximation misses the target, but how the next refinement must proceed. It is not struc-
turally complete. It is still operative.

Put directly: a closed decimal is an object. A remainder is an instruction.
Whether a mismatch functions as a closed error or an active residue depends on the stan-

dard of acceptance imposed by the problem. 2.45 is fully adequate for conceptual understand-
ing of

√
6. For numerical simulation or strict tolerance requirements, the same mismatch

becomes operative again — the leftover matters because the standard has tightened.
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Precision is purpose-dependent. The same approximation may be structurally complete
in one context and an unresolved remainder in another. This is not inconsistency — it is
context. What changes is not the number but the acceptance criterion.

6 Iterative Refinement

We know
√
10 ∈ (3, 4). Using bisection:

s1 =
3 + 4

2
= 3.5, s21 = 12.25, r1 = 10− 12.25 = −2.25 (overfill)

s2 =
3 + 3.5

2
= 3.25, s22 = 10.5625, r2 = −0.5625 (overfill)

s3 =
3 + 3.25

2
= 3.125, s23 = 9.7656, r3 = 0.2344 (underfill)

s4 =
3.125 + 3.25

2
= 3.1875, s24 = 10.1602, r4 = −0.1602 (overfill)

At each step the residue flips sign at the crossing point, narrowing the interval. The
residue is doing geometric work at every step — it is the signal that drives the method.

Lemma 1. The bisection sequence {sk} converges to
√
n. The residue rk → 0 as k → ∞,

but never terminates for non-perfect-square n.

7 Irrationality as Geometric Impossibility

Observation 2.
√
10 is irrational. No termination of the residue sequence is possible be-

cause no rational s = p
q
satisfies s2 = 10 exactly. Geometrically: there is no equal-sided

square with whole-number or finite-decimal sides whose area is exactly 10. The area of 10
resists resolution into a perfect square. The residue does not round up — doing so would
misrepresent the geometry.

This is the same structural fact that defines π: a geometric quantity that cannot be
expressed as a finite ratio. The Greeks encountered this as a crisis. It is not a crisis. It
means some areas simply do not have clean square forms.

8 Roots and the Function Question

A function has one rule: one input gives exactly one output. The practical test is to solve
for y — if two values of y satisfy the equation for a single x, it is not a function.

This connects directly to the geometry of roots.
The relation s2 = n has two real solutions: s = +

√
n and s = −

√
n. One input n, two

outputs. That is not a function. The ± notation is not decorative — it is the sign that
something multi-valued is present. Any ± in a solved expression is an immediate indicator
of a non-function.

4



The radical symbol
√

by convention suppresses the negative root and returns only the
positive value. This forces function behavior, but the underlying relation remains multi-
valued. The notation hides it; the geometry does not resolve it.

Observation 3. Whether a root is a function or a relation depends on whether the exponent
is odd or even.

� Even roots (
√

, 4
√

, 6
√

, . . .) are always multi-valued. Even exponents erase the
sign: (−s)2 = (+s)2 = n. Both solutions are real. The positive root convention forces
a function, but the ± problem is structurally present.

� Odd roots ( 3
√

, 5
√

, . . .) are functions by nature. Odd exponents preserve sign:
(−s)3 ̸= (+s)3. There is only one real solution. No convention is needed.

The fourth root decomposes as 4
√
n =

√√
n, which inherits the positive convention at

each layer. The decomposition is computationally useful but does not resolve the function
question — it just applies the convention twice.

9 Decimal Interrogation: A Worked Example with
√
6

Finding the square root for learning purposes does not require chasing doubles and floats
in precision. The goal is relational pattern recognition — establishing where a value sits
structurally between known perfect squares, then narrowing by decimal bracket.

Step 1 — Integer Bracket

The nearest perfect squares to 6 are 2× 2 = 4 and 3× 3 = 9.

2× 2 = 4

✓

side = 2

3× 3 = 9

x

side = 3

Figure 4: 2 × 2 = 4 < 6 < 9 = 3 × 3. The integers strictly between the two areas are
{5, 6, 7, 8}. Since 6 is in that set, 2 <

√
6 < 3.

Two distinct things live near this diagram and must not be conflated: the side length
labels (2 and 3) and the area values between the squares ({5, 6, 7, 8}). These are different
kinds of objects. The set notation separates them cleanly:

{5, 6, 7, 8} ⊂ (4, 9) =⇒ 4 < 6 < 9 =⇒ 2 <
√
6 < 3
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Step 2 — Decimal Bracket

Refining into the decimal range:

2.42 = 5.76 (underfill) 2.52 = 6.25 (overfill)

=⇒ 2.4 <
√
6 < 2.5

2.6 was too high and near 7. 2.2 was too low and near 5 but not breaching. The bracket
narrows by testing candidates against the acceptance criterion — not random guessing, but
directed by overshoot and undershoot.

Step 3 — Refinement and Decimal Sensitivity

2.452 = 6.0025

∴
√
6 ≈ 2.45, 2.4 <

√
6 < 2.5

2.45 is an excellent approximation for learning purposes. A small digit change — from
2.5 to 2.45 — collapses the error from 0.25 to 0.0025. This is not incidental. Decimals are
sensitive to the smallest change. Precision is earned by narrowing, not by memorizing a
string of digits.

Remark 4. 2.45 is a closed decimal — a structurally complete approximation adequate
for conceptual understanding of

√
6. As established in the residue section: whether the

remaining mismatch (0.0025) is an active residue or a finished error depends on the standard
of acceptance. For numerical analysis or strict tolerance, the refinement continues. For
pattern recognition and number sense, 2.45 is the answer.

10 Summary

1.
√
n is defined by the equal-sided geometric constraint, not by any rectangular factor-

ization.

2. Rectangle factorization a× b = n is the natural entry point for approximation.

3. Step reduction from the long side toward the short side, confirmed by the geometric
mean, gives the first candidate side length.

4. The residue rk = n − s2k carries direct geometric information: the area mismatch and
its direction.

5. The sign of the residue determines whether the side must grow or shrink.

6. Translating residue into the next refined side length requires an explicit iterative
method, such as bisection or the Babylonian method.
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7. A closed decimal approximation is a completed object. An active residue is an unre-
solved remainder that still carries directive force — it is an instruction, not a result.
Precision is purpose-dependent: the same approximation may be adequate for concep-
tual understanding and insufficient for strict tolerance.

8. For non-perfect-square n, the residue never terminates. This is irrationality, expressed
geometrically.

9. The relation s2 = n is not a function — one input yields ±
√
n. The radical convention

forces a function by suppressing the negative root.

10. Even roots are always multi-valued underneath. Odd roots are functions by geometry
— odd exponents preserve sign, so only one real solution exists.

7


